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Summary. We prove that for generic plurality games with positive cost of voting, 
the number of Nash equilibria is finite. Furthermore all the equilibria are regular, 
hence stable sets as singletons. 
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1 Introduction 


Plurality games without cost of voting are a typical example of a game structure 
in which, also for generic preferences, there are continua of Nash equilibria and 
where a concept like Nash equilibrium is completely inadequate.'! Moreover, also 
perfect, and even proper, equilibrium falls far short of the traditional concepts in 
this area that call for “sophisticated voting”. 

In this paper we prove that these facts are not anymore true with a positive cost 
of voting. 

Under plurality rule each voter can vote for any candidate or abstain. The 
candidate receiving the largest total amount of votes wins the election. Any voter 


* We would like to thank Luisa Bassotto, Marco Celentani, Mamoru Kaneko, and participants at the 
6" International Conference on Current Trends in Economics for helpful comments. We also thank an 
anonymous referee of this journal for precious advices that have substantially improved this paper. This 
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hospitality and financial support. The usual disclaimer applies. 
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! Obviously, the election of any candidate is a Nash equilibrium outcome, if there are at least three 

voters. 
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receives a payoff from the election of a candidate, and, unless he abstains, pays 
a positive cost. We prove that, in the class of plurality games with positive cost 
of voting above described, the number of Nash equilibria is generically finite. 
Furthermore, all the equilibria are regular, hence stable sets (as defined by Mertens, 
1989) as singletons. This implies that “sophisticated voting” cannot eliminate them. 

The motivation to undertake this analysis is twofold. First of all, a basic tool in 
applying non-cooperative game theory is to have finiteness of the set of equilibrium 
distributions. Since the conjecture that set of equilibrium distributions is generically 
finite for every game form has been proved to be incorrect (see Govindan and 
McLennan, 2001), one has to prove such a result for each class of games, and we 
prove it for the game-form arising from plurality costly voting. Second, the result 
that all the equilibria are regular directly implies that they cannot be eliminated by 
the usual refinements based either on perturbation of utilities or on perturbation of 
strategies, and hence the Nash solution concept appears to be completely adequate, 
differently from the case without cost of voting. We describe the model in Section 2, 
we present the results in Section 3, Section 4 contains some remarks, and finally 
Section 5 concludes the paper. 


2 The model 


Let K = (1,..., k) be the finite set of candidates and N = (1,...,) the finite set of 
voters. Under plurality rule every voter has k + 1 pure strategies, namely voting for 
each candidate or abstaining. Given a pure strategy vector, the candidate receiving 
the largest amount of votes is elected, while in case of a tie we assume an equal 
probability lottery among the winners.” Hence, the set of candidates K and the set 
of voters N define a family of games; each game in this family is identified by the 
utility vectors {i} eae where u' = (ui,...,ui) and ui, is the player i’s utility 
when candidate c is elected, and by the vector of costs of voting 6 = (51,...,6”).3 
Therefore, every plurality voting game with positive cost of voting (PVC) with n 
voters and k candidates can be seen as a point (u, 6) € R”* x RY. Because voting 
for any candidate costs 6’, for every mixed strategy combination a, the expected 
payoff of player 7 is simply 


U* (o) = 8 (06-1) + So pe (a) ut 


ceK 


where p- () is the probability that candidate c is elected under o, and o% is the 
probability that 7 abstains. We denote the vector representing for each candidate 
the probability to be elected under o as p(o) = (pi (7) ,p2(o),..., DK (a)). 

In the following Ky = K U {0} denotes the pure strategy space of each player, 
and we will indicate the voter by a superscript, and the pure strategy by a subscript, 
i.e. a4 is the probability that player i votes for c, while, as usual, (o~', c') denotes 
the strategy combination where player 2 uses with probability 1 the pure strategy c 


a 


and the others play accordingly to 0. 


2 This assumption can be relaxed, see Remark | in Section 4. 
3 See Remark 6 in Section 4 for different costs’ structures. 
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Before proceeding to prove that, in the class of PVC, generically the number 
of Nash equilibria is finite, and, furthermore, all of them are regular, we illustrate 
the meaning of these results via a simple example. 


2.1 An example 
There are three voters {1, 2,3}, and three candidates {a, b,c}. The cost of voting 


is the same for every voter, 6’ = 2, for every i € {1, 2,3}. The utility each voter 
gets from the election of any candidate is: 


ul = (ug, Up, Ue) = (11, 1,0) 
te fae aie i (OT) 


a? 


u? = (u8, uf, u2) = (0,4,8). 


Note that voting for b is, for player 3, weakly dominated by voting for c.* Let 
us consider the following set of strategy combinations: 


EC = {(a1,b?, 0°) | 03 < 3/7, 08 =1-03}. 


It is immediate to verify that any strategy combination in EC is a Nash equi- 
librium. Hence, the game has a continuum of equilibria, and some of them involve 
the use of a dominated strategy.° However, this in not anymore true if we slightly 
change the utility player 3 gets from the election of candidate c. It is immediate 
that if u3 > 8, then (at, b?, c3) is the only equilibrium in EC, while if u3 < 8, no 
equilibrium in EC exists. 


3 The result 


In this section we prove that for generic plurality games with cost of voting every 
Nash equilibrium is regular, in the Harsanyi’s definition.° Our proof follows the lines 
of De Sinopoli (2001) where it is proved that, without cost of voting, generically, 
all the equilibria inducing a mixed distribution over candidates are regular. 


4 First of all, notice that the two strategies are equivalent, for player 3, if the other two players vote 
for the same candidate, while it is immediate that if at least one of the others abstains, player 3 is strictly 
better off voting for c than for b. The same occurs if one of the others votes for c. So the only case we 
have to analyze is when one of the others votes for a and the other for b. In this case player 3 is indifferent 
between voting for b, and assuring its election, and voting for c, leading to an equal probability lottery 
among the three candidates. 

5 Notice that assuming that no voter is indifferent between any two candidates does not eliminate 
these pathologies. 

© More precisely, we use the modified version of regularity, as proposed in van Damme (1991). The 
definition of van Damme differs from Harsanyi’s one in requiring that the strategy used as reference 
point is contained in the support of the equilibrium, while Harsanyi uses the first strategy for each player. 
However Harsanyi (1973) assumes, cf. p. 246 loc. cit., that his reference point belongs to the support of 
the equilibrium, hence he actually works with the same definition. For the definition of regularity and 
its properties we refer to van Damme (1991). 
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The main idea of the proof, which mimics Harsanyi’s proof of the generic 
regularity of Nash equilibria for normal form games, is, roughly speaking, to show 
the existence of a smooth map from the best reply correspondence to games. In 
words, given an equilibrium, the set of pure best replies, the costs of voting and 
some of the utilities over candidates, the constraints imposed on the payoffs by the 
best reply conditions allow us to uniquely (and smoothly) reconstruct the entire 
vector of utilities, defining the game.’ An application of Sard’s theorem to this map 
completes the proof. 

Then, the first step of the proof consists in constructing this map. 

At this end, let us fix the set of voters NV and the set of candidates Kx, and let 
C;, B; © Ko, C= TG and B = [| Bi. 


Fix C, B such that? #C CB. 

Let NV be the set of players for which 0 € B; and let us consider a pure strategy 
vector v.. € B such that vi = Oifi € N®. Let L; = B;\ {v'}. Notice that, by 
construction, L; does not contain abstention. Therefore, in order to simplify the 
notation, we will use L; to denote both strategies and candidates. 

Consider a game (u, 6) and a strategy combination o with support C(c) = C 
and pure best replies PBR(c) = B.® Then, since every pure best reply gives the 
same payoff, the following equalities hold: 


[U* (o*,c°) —U* (o7*,vt)] =0  forallie N, he Ly. (1) 


* 


Let 1; := |L;| =|B;|-—1,l = > i and n? := |? |. Let us denote wu?’ € SR 
i=l 


as player 2’s utility for the candidates in L;, u° = as ioe; ur), and 
(u,d) = (u*,u®, 6). 


The equalities in (1) implies that for all i in N\N B and c’ in L; 


do [pe (oe) — pa (07, v8) ue 


Keli 


== D0 [pe (ose) = pe (07, v2) ] et 


ke Li 
and that for all iin N? and c’ in L; 


yy [pr (0 *,c') — pe (o~*, v4) | up 


kel; 


= 5 — SP [pe (0%, €) — pe (07,08) ft 


k€Li 


7 We point out that while in Harsanyi (1973) the map from equilibria to games is the solution of a 
diagonal system, in our case is the solution of a linear system. This is due to the fact that, even if a player 
does not vote for a candidate, this candidate can be elected. 

8 Notice that C C B directly implies that o is a Nash equilibrium. 
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Hence, given o,v,, u* and 6, the equalities in (1) define a linear system of 
1 equations in / unknowns (i.e. the u°). We have to prove that such a system is 
nonsingular, that is the matrix of the coefficients of u°, IT? (0) , has determinant 
different from zero. Notice that the coefficients of uf’ are identically zero for the 
rows that do not correspond to strategy in L;. Hence the matrix IT? (c) is block 
diagonal and, then, has determinant different from zero if each block has. 

Each block IT? (o~*) is a square matrix of dimension J; and its (c,m), c,m € 
L,, entry is the probability that candidate m is elected when player z votes for c 
minus the probability that m is elected if 7 plays uv’: 


2 (074) og = Pm (0) — Ba (OH aH). 
In order to study the matrix IT? (o~*) it is useful to subtract and to add, in the 


above, the probability that candidate m is elected when player 7 abstains, obtaining: 


Te (O7) om = Pm (C1) = Pm (974, 0") + Pm (97',0") = Pn (9 U8) - 


In order to simplify the notation, let us define: 
Definition 1 7° (o~*) = p(o~',c’) — p(o*, 0"). 


The vector 7° (o~*) represents the difference in the probability distribution 
over elected candidate if player 7 votes for c rather than abstaining, under o~’. 
In the following Lemma, we present some straightforward results on the vector 


Te (a) 
Lemma 2 


(a) 3 xg (o-) =0; 
kek ; ; 
(8) Forc,k #0, 7 (o~*) > O and for every k £ c, re (a~*) <0. 


Lemma 2(q) states that the sum of the components of the vector 7° (o~*) is 
zero, and this obviously holds for every vector obtained as the difference of two 
probability vectors. Lemma 2(3) simply states that, if player 7 votes for c rather than 
abstaining, the probability of election of c does not decrease, while the probability 
of the election of any other candidate does not increase. Furthermore, the fact that 
voting is costly immediately implies that if voting for some candidate is a best reply, 
the utility player 2 gets from the electoral result must be larger than if he abstains. 
Hence, we have: 


Lemma 3 For every co’ € BR (o~*) ,ifot > Othen > 7e (a=) it 0; 
kek 


We now introduce some concepts that will be useful in proving our results. We 
recall that an n x n matrix Q is an M/-matrix (Ostrowsky, 1955, p. 95) if all diagonal 
elements are positive, all non-diagonal elements non-positive and if all principal 
minors of all orders are positive. Ostrowsky (1955, p.97) proves the following 
result: 
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Lemma 4 Let Q be ann x n M-matrix and b = (b,,...,b 


5 «Dn) a non negative 
vector. The determinant of the n x n matrix C' defined by 


Cig = Gig tb; 
is positive. 
Now we have all the elements to prove the following result. 


Lemma 5 The matrix IT? (o) has a strictly positive determinant, hence it is not 
singular. 


Proof. As shown above, the matrix IT? (c) is block diagonal, each block coinciding 
with a matrix I? (a7). If each IT? (o~*) has a strictly positive determinant, we 
can conclude that J7° (c) is not singular. Henceforth, in order to make the notation 
as simple as possible, the (c,m) entry of the matrix IT? (o~*) is: 


n° (ges ax. = (Gem + bm) CMe DL; 
where: 
Gem = Ton (o~*) and b,, = ae (o~*) : 


We know from Lemma 2? that the matrix A = (@¢;) is an improper Minkowsky 
matrix’, while Lemma 3 implies that all the diagonal elements of A are strictly 
positive. In the next step we prove that the matrix A is dominant diagonal (in the 
definition of McKenzie, 1960, p. 47). In order to do that, the following functions 
are defined: 


Se (d) = Geede — b> ldem|dm = S- Qemdm CE Lj. 
m€L;/c meL; 


We have to show that a d* >> O exists, such that s. (d*) > Oforevery c € L;.We 
know, by Lemma 2(q), that 5> dem = 0, and, by Lemma 3, that S> demut, > 


mek ; mek 
0. Hence, for every e > 0, S> demeut,, > 0. For € sufficiently close to zero: 
mek 


1+eut, > 0 for every m € K. Once we choose an € satisfying these conditions, 
d* =1+ éu' > Oand s, (d*) > 0 for every c € L; because: 


8e(d") > S~ Gem(1 + éui,) > 0 
mek 


where Lemma 2((3), and the positivity of each 1 + éu!,,, implies the first inequality, 


while Lemma 2(q) and the positivity of S*> deméu!,, implies the second one. 
mek 
This proves that the matrix A has a (positive) dominant diagonal and implies as 


well that all the principal minors of A are strictly positive. Then, the matrix A is 
an M-matrix. Lemma 4 with the fact that b,, > 0 (Lemma 2(@)) concludes the 
proof. 


9 Ann X n matrix is improper Minkowski if all its non-diagonal elements are non-positive, and the 
sum of the elements of each row is non-negative. 
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Lemma 5 implies that given an equilibrium o with support C’ and pure best 
replies B, a “reference” strategy v, € B and the corresponding subvectors u* and 
6, we can uniquely reconstruct the entire vector (u, 6). Formally, for C and B such 
that 0 4 C C B, let E@:” be the graph of the correspondence that associates to 
each game in R”* x ¥} , its equilibria with support C' and pure best reply B, i.e., 


EOP = {(u, 6,0) | (u,d) € R™* x RB, C(c) = C, PBR(c) = B}. 


Let EC’? be the projection of E@:? on the strategy space and on those coordi- 
nates of the utility vector not corresponding to L;: 


BOB CB 


7 PPOJ(s2n x game—i xg, 


The above construction implies that there is a function T@:?> : Ho? as 
R* x RK that maps (u*, 5, co) into u = (u*, u°, 5), defined by: 


ue a 
TOR: y? = (II2 (a))7 (<a: (o) ut + 5) 
j= 


where II* (co) is the matrix of coefficients of u* in (1), while 6 is the obvious 
column vector. 
An application of Sard’s Theorem to the map 72» will prove: 


Theorem 6 For generic plurality games with cost of voting, any Nash equilibrium 
is regular. 


Proof. To prove that, for generic plurality voting games with cost of voting, any 
Nash equilibrium is regular is enough to prove that, for every possible C and B, 
the set of games that have an irregular equilibrium with support C' and with pure 
best replies B, is a semi-algebraic set of dimension less than n(k + 1). 

For C, B such that 0 #4 C C B, the map T@®* is smooth because it involves 
additions, subtractions, multiplications and only the division by the determinant 
of I? (co), which is greater than zero by Lemma 5. Moreover, the sets E&? and 
sees RY, as well as the map T C-Bx are semi-algebraic.!° If C is strictly included 
in B, the result immediately follows, see Bochnak et al. (1987, Th. 2.8.8), from: 


dimi TO 7+ (B07) dim my? 
= |C|-—n4+n(k+1)-|Bl+n<n(k+1) 


10 A subset of an Euclidean space is semi-algebraic if it can be defined by finitely many polinomial 
inequalities and equations. A map between two semi-algebraic sets is semi-algebraic if its graph is. Most 
of the constructions in game theory give rise to semi-algebraic sets, hence the results from algebraic 
geometry are of great interests for many applications. The main reference for algebraic geometry is 
Bochnak, Coste and Roy (1987); applications of the ideas from algebraic geometry to game theory, as 
well as clear introductions to the topic, can be found in Schanuel, Simon and Zame (1991), in Blume 
and Zame (1994), and, more recently, in Govindan and McLennan (2001). 
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(i.e. having fixed C and B, dim (X’" | C) = |C| — nand dim(L) = |B| — n)."! 
Therefore, we have to prove the statement for the case B = C. 

If B = C, the equilibrium is quasi-strict and, hence, it is regular if and only if 
it is not singular the Jacobian of the map F (o | C, v.) defined by 


FY" (a | Cvs) = 03 [U* (04, ¢) —U* (o*,vi)] forte N, ch € Ly. 


The Jacobian of T@:?= does not, evidently, change crossing out the rows and 
the columns representing “candidates” not belonging to L as well as costs of voting. 
The corresponding map T©-®* is implicitly defined by F (o | C,p) = 0. Lemma 5 
then implies that the equilibrium is regular if and only if the Jacobian of T@:?* is not 
singular. The semi-algebraic version of Sard’s Theorem, cf. Bochnak et al. (1987, 
Th. 9.5.2, p. 205), assuring that the set of critical values of T@:?* is a semi-algebraic 
set of dimension strictly less than n(k + 1), completes the proof. 


The next corollary, which is an immediate consequence of the above theorem, 
summarizes our main findings. 


Corollary 7 For generic plurality games with cost of voting: 


a) The set of Nash equilibria is finite. 
B) Any Nash equilibrium is a stable set. 


4 Remarks 


1. On the outcome function. We have assumed that the outcome function selects 
the candidate taking most votes with ties broken by lotteries. The only step of the 
proof where we make use of the outcome function is Lemma 2(3), which states that 
voting for a candidate, rather than abstaining, cannot decrease his probability of 
being elected, as well as cannot increase the probability that any other candidate is 
elected. Hence, our results hold for any outcome function satisfying this property, 
and, then, for any tie-breaking rule, like any deterministic one.!” 


2. On electoral turnout. The paradox of not voting, that is people do vote even 
if they rationally shouldn’t do it, given that in mass election the probability of 
casting the decisive vote is close to zero while the cost of voting is strictly positive, 
has been widely analyzed by voting theorists (see Palfrey and Rosenthal, 1985). 
Low turnout is obtained by assuming either an incomplete information framework, 
or players never using pure strategies. Without such assumptions, examples can 
be easily constructed in which a Nash equilibrium exists such that every voter is 
pivotal and votes. The simplest one is the following. Consider a game with two 
candidates: {a,b}, and 2n players, of whom n prefer a to b and the remaining n 
prefer b to a. Moreover, assume that, for every voter 7, his cost of voting is less 


than wile) ui) . Obviously, every player voting for his preferred candidate with 
probability one is a Nash equilibrium. 


'l This shows that the set of PVC having an equilibrium that is not quasi-strict is a lower dimensional 
set. 

2 Another example of an outcome function satisfying Lemma 2(() is the one selecting a candidate 
with a probability exactly equal to his share of votes. 
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3. Minorities with more intense preferences. The outcome of a PVC may be 
determined by a minority of voters with more intense preferences over candidates, 
relative to their cost of voting, as the following example shows. Suppose there are 
only two candidates {a,b}, and (n + 2) voters with n > 3. Two voters prefer a 
over b with [u (a) — u(b)] = 10, while the remaining n voters prefer b over a with 
[u(b) — u(a)] < *}. Without cost of voting, candidate b obviously wins in any 
undominated Nash equilibrium. Let us assume now the cost of voting being equal 
to 1 for every voter. An equilibrium exists in which each player who prefers b over a 
abstains, while each player who prefers a over b votes for a with probability 4 and 


abstains with probability z. Hence the probability that candidate a wins is ae a 


4. On the generic finiteness of equilibria. Our main result is that, generically in the 
class of PVC, any Nash equilibrium is regular. A regular equilibrium is an isolated 
point in the set of equilibria, and since the set of equilibria is compact, when all 
equilibria are regular the set of equilibria is necessarily finite. We want to remark 
here that the definition of regularity, was not needed to prove the generic finiteness 
of equilibria. As noted in footnote 11, the set of PVC that have equilibria which are 
not quasi-strict is a lower dimensional set, and this was shown without using the 
concept of regularity. To complete the proof we would have had to consider only 
quasi-strict equilibria (i.e., the cases with C = B). We could have then applied, for 
every C’ = B, the Generic Local Triviality Theorem (cf. Schanuel et al., 1991, p. 20) 
to the map T’©® in order to show that the set of PVC such that their inverse image 
has dimension greater than zero in E®’? has dimension lower than n(k + 1).6 


5. On sophisticated voting. Sophisticated voting, which requires the equilibrium 
strategies to survive the (simultaneous) iterated deletion of dominated strategies, has 
a long-standing tradition in voting theory since the pioneering work of Farquharson 
(1969). The concept of Nash equilibrium, as well as stronger solution concepts as 
perfection and properness, does not respect such a principle for plurality games, 
if voting is not costly. As we have shown, Nash equilibria generically respect the 
sophisticated voting principle, in case of a positive, even if small, cost of voting. 
The reason for this difference is quite intuitive. If voting is free, voting for the least 
preferred candidates and abstaining are weakly dominated strategies, as well as, 
in the further reduction of the game, voting for a candidate who has no chance of 
being elected: it is well known that the elimination of weakly dominated strategies 
affects the set of Nash equilibria. In case of a positive cost of voting, voting for the 
least preferred candidates or for a candidate without any chance of being elected 


'3 Notice that a similar result holds in a complete neighborhood of the described example, because 
the analyzed equilibrium is regular. 

'4 Haan and Kooreman (2003) analyze a binary election framework in which voters have the same 
cost of voting and the same intensity of preferences. They show that, for sufficiently high voting cost 
in any symmetric equilibrium, the probability the alternative supported by a minority of the population 
wins is higher than one half. The intuition offered by Haan and Kooreman is that the higher is the number 
of supporters, the higher is the incentive of each of them to free ride on the votes of the others, saving 
the cost. 

'5 Tf the inverse image of a game (u, 6) has dimension zero, such a game has necessarily a finite 
number of equilibria, because a 0-dimensional semi-algebraic set is finite. 
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are strictly dominated strategies! and, hence, their elimination does not alter the 
set of Nash equilibria. 


6. On costs’ structures. Throughout the paper we have assumed every voter incur- 
ring in a different cost in going to the poll. We point out that in our construction, the 
costs of voting are not the unknowns in the system defined by (1) . For this reason, 
our construction can be exactly replicated in order to obtain the same results in the 
case in which every voter has the same cost of voting, as well as in the case in which 
the cost of voting depends also from which candidate the voter is voting for. !7 


5 Conclusions 


We have proved that the number of Nash equilibria is generically finite in the class 
of plurality games with positive cost of voting. Furthermore, all the equilibria are 
regular, hence stable sets as singletons. The main implication of this result is that 
“sophisticated voting” cannot eliminate any of them. 


References 


Blume, L. E., Zame, W. R.: The algebraic geometry of perfect and sequential equilibrium. Econometrica 
62, 795-817 (1994) 

Bochnak J., Coste, M., Roy, M.-F.: Géométrie algébrique réelle. Berlin Heidelberg New York: Springer 
1987 

De Sinopoli, F.: On the generic finiteness of equilibrium outcomes in plurality games. Games and 
Economic Behavior 34, 270-286 (2001) 

Farquharson, R.: Theory of voting. New Haven: Yale University Press 1969 

Govindan, S., McLennan, A.: On the generic finiteness of equilibrium outcome distributions in game 
forms. Econometrica 69, 455-471 (2001) 

Haan, M. A., Kooreman, P.: How majorities can lose the election. Another voting paradox. Social Choice 
and Welfare 20, 509-522 (2003) 

Harsanyi, J. C.: Oddness of the number of equilibrium points: a new proof. International Journal of 
Game Theory 2, 235-250 (1973) 

McKenzie, L. W.: Matrices with dominant diagonal and economic theory. In: Arrow, K. J., Karlin, S., 
Suppes, P. (eds.) Mathematical methods in social sciences. Stanford, CA: Stanford University Press 
1960 

Mertens, J. F.: Stable equilibria. A reformulation. Part I: Definition and basic properties. Mathematics 
of Operations Research 14, 575-625 (1989) 

Ostrowsky, A. M.: Note on bounds for some determinants. Duke Mathematical Journal 22, 95-102 
(1955) 

Palfrey, T., Rosenthal, H.: Voter participation and strategic uncertainty. The American Political Science 
Review 79, 62-78 (1985) 

Schanuel, S. H., Simon, L. K., Zame, W. R.: The algebraic geometry of games and the tracing proce- 
dure. In: Selten, R. (ed.) Game equilibrium models, Vol. II. Methods, morals and markets. Berlin 
Heidelberg New York: Springer 1991 

van Damme, E.: Stability and perfection of Nash equilibria. Berlin Heidelberg New York: Springer 1991 


16 Strictly dominated by abstention. 
'7 Obviously, genericity has to be meant in the resulting spaces of games, whose dimensions are 
(nk + 1) in the first case and 2nk in the second one. 


